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THE CLASSIFICATION OF SIMPLE SEPARABLE UNITAL LOCALLY ASH 

ALGEBRAS 

GEORGE A. ELLIOTT, GUIHUA GONG, HUAXIN LIN, AND ZHUANG NIU 


Abstract. Let A be a simple separable unital locally approximately subhomogeneous C*- 
algebra (locally ASH algebra). It is shown that A <S> Q can be tracially approximated by unital 
Elliott-Thomsen algebras with trivial Ki-group, where Q is the universal UHF algebra. In par¬ 
ticular, it follows that A is classifiable by the Elliott invariant if A is Jiang-Su stable. 


1. Introduction 

Recently, several major steps have been taken in the classification of what might be called “well 
behaved” separable amenable simple unital C*-algebras. The phenomenon of well behavedness 
itself was explicitly noticed only relatively recently, by Toms and Winter (see 0) who conjectured 
that within this class of C*-algebras several properties were equivalent, and that the algebras in 
this robust subclass (and only these) were the ones that could be classified by means of what 
might be called the naive Elliott invariants—the ordered Ko-group together with the class of the 
unit, the simplex of tracial states paired naturally with it, and the Ki-group. (Other invariants, 
such as the Cuntz semigroup, might then be helpful for more general classes of amenable C*- 
algebras.) Breakthroughs in the understanding of the robustness of this class were made by 
Matui and Sato in m and ED- 

Perhaps the most striking development in the direction of actually proving isomorphism has 
been the technique—sometimes referred to as the Winter deformation technique—introduced 
by Winter in [33] (with refinements by Lin in [T7J and Lin and Niu in jT9] ), through which a 
class of (separable, amenable, simple unital) C*-algebras which are well behaved in the sense 
of absorbing tensorially the Jiang-Su algebra Z , and are also known to satisfy the UCT, can 
be classified in terms of the (naive) Elliott invariant if this is true for the subclass of algebras 
absorbing the universal Glimm UHF C*-algebra 0. 

Using this, Gong, Lin, and Niu, in [9]—following on earlier work in this direction (see e.g. 
pL4] . [22]. [23] . [24] . [15]. [33] , [17] , [19] . [T6] )— have achieved a classification of finite algebras in 
this well behaved class which is close to being definitive—it is simple to describe and it exhausts 
completely the possible values of the invariant. (The complementary class, the infinite algebras 
in the well behaved class under consideration, were dealt with some time ago by Kirchberg and 
Phillips— [IT], P2j, [25] .) 

Unfortunately, while it is believed that all well behaved finite separable amenable simple 
unital C*-algebras may be ASH algebras (inductive limits of subalgebras of full matrix algebras 
over commutative C*-algebras)—and, indeed, that the algebra need not be assumed to be well 
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behaved if in addition matrix algebras over it are also finite in the Murray-von Neumann sense 
(i.e., if the algebra is stably finite)—the class considered by Gong, Lin, and Niu does not on the 
face of it include the class of all well behaved—“Jiang-Su stable”—simple unital ASH algebras. 

Using the recent result of Santiago, Tikuisis, and the present authors ([S]) that any Jiang-Su 
stable simple unital ASH algebra has finite nuclear dimension (one of the Toms-Winter well 
behavedness properties—the important concept of nuclear dimension was introduced by Winter 
and Zacharias in [34])—and also using the notion of non-commutative cell complex introduced 
in [5| in the proof of this result—, the present note shows that indeed such an algebra (Jiang-Su 
stable simple unital ASH) belongs to the class dealt with by Gong, Lin, and Niu. (Even if the 
ASH algebra has slow dimension growth, so that by (28| and EH it is indeed Jiang-Su stable, 
it is not known to belong to the class studied by Gong, Lin, and Niu—the class of rationally 
tracially approximately point-line algebras—see below.) 

Acknowledgements. The research of G. A. E. was supported by a Natural Sciences and En¬ 
gineering Research Council of Canada (NSERC) Discovery Grant, the research of G. G. was 
supported by an NSF Grant, the research of H. L. was supported by an NSF Grant, and the 
research of Z. N. was supported by a Simons Foundation Collaboration Grant. Z. N. also thanks 
Aaron Tikuisis for his comments on the early version of the paper. 

2. Noncommutative cell complexes 

Definition 2.1 (Definition 2.1 of [5]). The class of noncommutative cell complexes (NCCC) is 
the smallest class C of C*-algebras such that 

(1) every finite dimensional algebra is in C; and 

(2) if B e C, n E N, ip : B — y Mfc(C(S' n ~ 1 )) is a unital homomorphism, and A is given by the 
pullback diagram 

A -^M*(C(£>")) 

f—*f\ s n-l 

R — Msecs’*- 1 )), 

then A e C. 

The reason we consider NCCCs is as follows: 

Theorem 2.2 (Theorem 2.15 of [5]). Let A be a unital subhomogeneous C*-algebra. Then A 
can be locally approximated by sub-C*-algebras which are NCCCs. 

Definition 2.3. Let A be an NCCC, and fix an NC cell complex decomposition of A with 
length l (in the sense that A is built from a finite dimensional C*-algebra A 0 by attaching l 
noncommutative cells). Assume that A 0 = M S1 (C) © • • ■ © M Sr ,(C) for some natural number r, 
and denote the attached cell at the i-tli step by M fc . (C (D 71i )). 

Consider the spaces 

{ P t}, •••, { P t}, D ni ,.., D n \ 
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and denote them by Xi,X 2 , where m = r + l. Denote the matrix orders of the corre¬ 

sponding C*-algebras by 

d \,..., d r , d r - |_i,..., d m . 

Then there is a standard embedding 




i =1 


Denote by II* : A —* Mrf i (C(X i )), i = 1, the projection of II onto the i-th direct summand. 

Lemma 2.4. Let A = B ©M fc (C(S n - 1 )) Mfc(C(D n )) be an NCCC, and let t G T(AL). Then there is 
a decomposition 

t(/b, Id) = octbUb) + P [ tr(/ D (x))d/i(x), (f B , fo) e A, 

JD n \S n ~ 1 

where td G T (B), p is a probability measure on D n \ S' n " 1 ; tr is the standard trace of M fc (C), 
and a, ft G [0,1] with a + (3 = 1. Moreover, a and ft are unique and t b (or p) is unique if a (or 
ft) is not zero. 

Proof. The uniqueness part of the lemma is clear. Let us show the existence part. 

Consider the restriction of r to / := Mfc(Co (D n \ S'" -1 )) C A. Then it is a trace with norm at 
most one, and thus there is ft E [0,1] and a probability measure /i on D n \ S n ~ 1 such that 


r ((0, g)) = P 

J D "VS™- 1 

Define a linear map f : A —y C by 


tr(g(x))dp(x), g G M fc (C 0 (D n \ S 


tv(g(x))dp(x), ( f,g)eA. 


T((f,g)) = r (/.d) ~P 

J D n \S n ~ 1 

For each g G M fc (C(D n )) and any g G (0,1), define 

1, EG [1-77/2,1], 

X v : [0,1] 9 x ha ^ linear, x G [1 — g, 1 — g/ 2 ], 


and 


0 , iG [0,1-77]; 
g v {x) = g(x)x v (\\x\\). 


Then a direct calculation shows that 

( 2 . 1 ) f(f,g) = f(f,g v ), (f,g) eA, g e ( 0 , 1 ). 

It is clear that f is self-adjoint; let us show that it is positive. Let (f,g) G A be positive. 
Define 

5 = inf{r(/, g v ) : g G (0,1)}. 

If <5 = 0, let us show that f(f,g) = 0. Indeed, in this case, one has 

r((f, g)) = r(f, g v ) + r(0, g - g v ) 
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and hence 


(2-2) t((/, g)) = sup{r(0, g - g„) : rj G (0,1)} = 
Note that for any 77 G (0,1). 

T((f,g)) = r (/> 9 ) — P 
= T (fi g) — P 



tex(g - 5 , r/)d/i(x) : 77 g (0,1)}. 


f 

0"\S “-1 


tr(^(x))d/x(x) 
tr*(^ -^)d/7(x) 



tr(^(x))d/i(x), 


and since /i is a probability measure, the integral /J f Dn \ sn _ 1 tr(^(a:))d/x(x) is arbitrarily small if 
77 is small enough. By (12.2ft . one has that f((f,g)) = 0. 

If 5 > 0, since /1 is a probability measure, there is 77 G (0,1) such that 


and therefore 


P [ tr(g v (x))dn(x) < 5/2, 

JD n \S n ~ 1 


r((f, g)) = f ((/, &,)) = r(/, 0 „) - p [ tr(g v (x))dp(x) >-6/2 = 5/2 > 0 . 

J D n \S n ~ 1 

Therefore, one always has f((f,g)) > 0, and so f is a positive linear functional. Therefore t 
is a (positive) trace of A. Note that r(J) = 0, and therefore f factors through A/I = B, and 
hence in fact is a trace of B. Therefore, there are a G [0,1] and Tb G T(R) such that 


as desired. 


r(f, g)~ P [ tr(g(x))dfj,(x) = t (/, g) = ar B (f), ( a, b ) G A, 

J D n\gn-l 


□ 


Corollary 2.5. Let A 6e a?7 NCCC with a given decomposition with length l. Then any trace r 
of A has a decomposition 

T = QyTl + «l/il + • • • + 

where m = rank(iL 0 (Al 0 )) + l, p t is a probability measure on D ni \ S ni ~ l if X, = D ni , and pi is 
the Dirac measure if X % consists of a point, oti G [0,1] and ay + a 2 + • • • + a m = 1. Moreover, 
the coefficients a^ are unique. 

Definition 2.6. Let A be an NCCC with a given decomposition, and let r G T(kL). Referring 
to Corollary 12.51 define 

q^(t) qy 

Lemma 2.7. Let A be a noncommutative cell complex (NCCC). Then the K-groups of A are 
finitely generated (as abelian groups). 
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Proof. The statement is true if A is finite dimensional. Assume the statement is true for non- 
commutative complexes with length at most l. 

Let A be a noncommutative complex with length l + 1. Write 

A = B ©M fe (c(S’ 1 - 1 )) M fe (C(-D n )), 

where B is a noncommutative complex with length l. Then there is a short exact sequence 

0 -- M fc (C 0 (M n )) -- A -- B -- 0, 

and the corresponding six-term exact sequence is 

Ko(C 0 (R")) -- K 0 (A)-- K 0 (B) 

MB) - MA) --K 1 (C 0 (M n )). 

If n is odd, one has 

0-- K 0 (A)-- K g {B) - 

and 

0-»- Z/mZ-- Ki(A)-- MB) -*- 0, 

for some positive integer m. By the inductive hypothesis, the groups Ko(-B) and Ki(5) are 
finitely generated, and therefore the groups K 0 (A) and Ki(A) are finitely generated. 

If n is even, a similar argument shows that K 0 (A) and K^A) are finitely generated. Therefore, 
the K-groups of A are always finitely generated. Hence by induction, the statement holds for all 
noncommutative cell complexes. □ 

In general, the positive cone of K 0 (A) might not be finitely generated; for instance, the positive 
cone of K 0 (C(S' 2 )) is 

{{m, n) e Z 2 : m > 0} U {(0, 0)}, 

which is not finitely generated. (On the other hand, consider the image 

G:=p(K 0 (A))CAff(T(A)), 

with respect to the canonical map p, with the induced order from Aff(T(A)) (i.e., an element 
g G G is positive if and only if g is positive in Aff(T(A))), is isomorphic to Z and so the positive 
cone of G is finitely generated.) 

The following lemma was stated and proved in [9] for the Ko-group of an Elliott-Thomsen 
algebra. The argument in fact shows the following (for the reader’s convenience, we include the 
proof). (In fact the ordered groups arising are the same.) 

Lemma 2.8 (Theorem 3.14 of |9]). Consider (Z ? , (Z*) + ) with the standard (direct sum) order. 
Let G be a subgroup of Z m , and put G + — G fl (Z m ) + . Then the positive cone G + is finitely 
generated (as a semigroup). 
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Proof. Let us first show that G + \ {0} has only finitely many minimal elements. Suppose, 
otherwise, that {q n } is an infinite set of minimal elements of G + \ {0}. Write 

q n = (m(l, n), m(2, n),..., m(j, n)) G Z£, 

where m(i,n ) are positive integers (including zero), i = 1,2and n = 1,2,.... If there is 
an integer M > 1 such that m(i,n ) < M for all i and n, then {q n } is a hnite set. So we may 
assume that {m(i,n)} is unbounded for some 1 < i < m. Passing to a subsequence of {rtk} 
such that linife-^oo m(i, rtk) = +oo, we may assume that lim^oo m(i, n) = +oo. We may assume 
that, for some j, {m(j,n)} is bounded. Otherwise, by passing to a subsequence, we may assume 
that lim^oo m(i, n) = +oo for all i G {1,2, Therefore lim^oo m(i, n) — m(i, 1) = +oo. 

It follows that, for some n > 1, m(i,n ) > m(i, 1) for all i G {1,2, ...,m}. Therefore, q n > qi, 
which contradicts the fact that q n is minimal. By passing to a subsequence, we may write 
{1, 2,..., m} = N U B such that lim, woo m(i, n) = +oo if i G N and {m(i,n)} is bounded if 
i G B. Therefore, {m(j,n)} has only finitely many different values if j G B. Thus, by passing 
to a subsequence again, we may assume that m(j,n ) = m(j, 1) if j G B. Therefore, for some 
n > 1, m(i,n ) > m(i, 1) for all n if i G N, and m(j,n ) = m(j, 1) for all n if j G B. It follows 
that q n > qi- This is impossible, since q n is minimal. This shows that G + has only finitely many 
minimal elements. 

To show that G + is generated by these minimal elements, fix an element q G G + \ {0}. It 
suffices to show that q is a hnite sum of minimal elements in G + . If q is not minimal, consider 
the set of all elements in G + \ {0} which are (strictly) smaller than q. This set is hnite. Choose 
one which is minimal among them, say p\. Then p\ is minimal element in G + \ {0}, as otherwise 
there is one smaller than p\. Since q is not minimal, q Pi- Consider q — p\E G + \ {0}. If q — p\ 
is minimal, then q = Pi + (q~Pi). Otherwise, we repeat the same argument to obtain a minimal 
element P 2 < q — Pi- If q — p\ — P 2 is minimal, then q = pi + p 2 + (q — p\ — P 2 )- Otherwise we 
repeat the same argument. This process is hnite. Therefore q is a hnite sum of minimal elements 
in G + \ {0}. □ 

With Lemma [2.81 one has 

Lemma 2.9. Let A be an NCCC. Then the ordered group 

(pa(MA)), Pa (K„(A)) n A£f+(T(A))) 

is finitely generated (as an ordered group). (In other words, the positive cone is finitely generated 
as a semigroup.) 

Proof. With the hxed NC cell complex decomposition of A, consider the standard embedding 

m 

n:^®M*(C(X,)). 

2=1 

Define 

p : K 0 (A) 9 [p\ i y (rank(II 1 (p)),..., rank(II m (p))) G Z m . 

Clearly, the map p is positive. 
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Define 

G = p(K 0 (A)) and G + = p(K 0 (A)) D (Z m )+. 

It follows from Lemma [2.81 that the cone ( G,G + ) is a hnitely generated ordered group. In order 
to prove the lemma, one only has to show that there is an isomorphism 

(G. G+) = (pa(K„(A)),pa(K 0 (A)) n Aff + (T(GL))). 

Dehne 

m 

9 : p(K 0 (A)) 9 (xi,x 2 , ..;Xm) HA- (r ha ^ y atiij)) G Aff(T(A)). 

^2 

2 — 1 

Then 6 is injective. Note that for any r G T(A) with the decomposition 


T — Ctl/io + «2/i2 + ' ' ' + CPn/Ln; 

one has 

Pa(p)(t) = 


and therefore 

9( P (K o (A))) = 0(G) = Pa (K o (A)). 

It is clear that 9{G + ) C p_ 4 (K 0 (A)) D Aff + (T(A)). Moreover, if 9(xi,...,x m ) G Aff + (T(A)), 
then the affine map r i —> Y^iLi 2 ) i s positive, and hence each Xi must be positive; that 
is, 9 induces an order isomorphism between ( G,G + ) and Pa(K 0 (A)), p(K 0 (A)) D Aff + (T(A)), as 
desired. □ 


V'a* / tr^n^pXxjjd/Xifx) 

JXi 


OLi 


d/i 




2 — 1 
m 

E 

2=1 

rank(Lh(p)) 

2^ ^-= %(p))> 


' X; 


rank(IL t Q)) 

d-j 


2=1 


d> 


Lemma 2.10. Let A &e an NCCC. Then, for any finite set T C Aff(T(A)) and any e > 0, there 
are positive continuous affine maps 9\ : Aff(T(A)) — y and 9 2 : R s — > Aff(T(A)) for some 
s G N such that 

||0 2 °0 1 (/)-/|| oo <e, / G L. 

Proof. The statement clearly holds for A a finite dimensional C*-algebra. Assume that 

A = B ©MfcCcys™- 1 )) M fc (C(.D")), 
and suppose that the statement holds for B. 

Let (J 7 , e) be given. Note that Aff(T(A)) is the pullback of Aff (T(L?)) and Cr(D”) in the same 
manner as A. For each f E J 7 , write it as / = (/#, /d), where fs G Aff(T(£>)) and fo G Cr(D”). 
Denote by TA the set of /A’s. 

Since L? satisfies the statement, there are continuous positive affine maps 0g,i : Aff(T(L?)) —>• 
M Ss and 0^,2 : —>■ Aff(T(£>)) such that 

(2-3) \\9 b , 2 o 9 B ,i(f B ) - fs IL < e/3, /gL. 
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Choose 7 G (0,1) such that 

\\f D (x) - f D (y)\\ < e/3, feJ 

provided dist(x,r/) < 7 . 

Define 

[ 1 , x e [ 0,1 - 7 ], 
g 7 : [0,1] 9 x 1 —y < linear, x E [1 — 7,1 — 7 / 2 ], 

l 0 , xe [ 1 - 7 / 2 , 1 ]; 

and consider the linear map 

x 7 : C(^- 1 ) 9 /->(*-► ( 1 - <? 7 (|M|)) • /(^)) G C (£>")■ 

II tO II 

Then y 7 is a positive affine map from Aff(T(Mfc(C(S' n_1 )))) to Aff(T(Mfc(C(-D n )))). Note that 
(2-4) || /r>0 7 - Ud - X 7 (/cU—0)lloo = SU P{(1 - ^(IMDX/^Oc) “ /c(/j)) : x G D n } < e/3 
for any / G T. 

Pick an open cover W of D n such that the variation of the function f ng~ s on any open subset 
in U is at most e/3 for any / G T. Moreover, one requires that the diameter of each open set in 
U should be at most 7 / 4 . Choose {4>u '■ U G if} to be a partition of unity subordinated to U , 
and fix xjj G U for each U GW. 

Put 

W 7 = {Ui : f/nS "- 1 = 0}, 

and write W 7 = {U x , U 2 , U^}. 

Since the diameter of each Ui GW is at most 7 / 4 , one has that if U ^ W 7 , then g y (xjj) = 0, 
and hence 


(2.5) 

fog^y- T! ifD9 i){ X u)4>U 

ueUj 

= 

foQ'i ~ ^2 (.fnd^ixu^u 
ugu., 

- (/d^X^C/Vc 

UfUy 



= 

fog'y - y ^(fp9y)( x u)(l>u 

U&A 

< e/3. 


Define 

0 1 : Aff(T(A)) 9 (f,g) ha © (W(%J) e 

and 


0 2 :R ss ®M^I 9 ((6,-■,&*), (?7i,-,^ 7 |)) 

1^7 I 

'-t (0 b,2((£i, •••>£s s )) ! X7( ( / :: ’(^,2((£g Vi^u,) e Aff(T(A)). 

2—1 

Then, a straightforward calculation shows that 

1^7 I 

$2 0 ((/b, / d )) = (#B, 2(^5, i(/b))j 2^B, i(/b)))) + y~^(/ D9'i){ x Ui) ( t ) U l ) 
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By the inductive assumption, one has that for any / C T, 

II fn ~ #b, 2 ( 0 b,i(/r))|| < e/3 < e, 


and 


Therefore 

as desired. 


\u 1 1 


fo - + y 


2—1 


< 


1^7 I 


Id - (XjUdIs™- 1 ) + y^(/p5 f 7)(^cj0cj 


i— 1 


1^7 I 


(/d — X'iUdIs^- 1 ) — y^(/Dfi , 7)( a: C i )0C/ i ) 


Z— 1 


+ s/3 (by®) 


+ s/3 


< 


9ifo - ^2(fDg 7 )(x p )(f) p + 2e/3 (by J23D) 


< s (by 


11^2 o^(/) -/II < e , feP, 


□ 


Remark 2.11. In fact, as shown in [3] (Lemma 2.6), the statement of Lemma [2. 101 always holds 
if T(A) is replaced by an arbitrary compact metrizable Choquet simplex. 


3. An existence theorem 

Let A be an NCCC. The main result in this section (Theorem 13.7p is that any almost compatible 
pair (k, 7 ) from an NCCC to Q can be lifted to an algebra homomorphism, where k : K 0 (A) —y Q 
and 7 : Aff(T(A)) -A Aff(T(Q)) = M. 

Lemma 3.1. Let P be an m x n matrix with integer entries, and let f e M m with each entry a 
positive number (including zero). Assume that each entry of Pf is rational. Then, for any e > 0, 
there is C € Q m with positive entries (including zero) such that 

( 1 ) Pf = PC, and 

(2) lle-CIloo <s- 

Proof. By deleting the columns of P corresponding to the 0’s of £, one may assume that each 
entry of f is strictly positive. 

Let us show that 

ker P = ker P fl Q m . 

It is clear that ker P D Q m fl ker P. Note that P is rational, so that one can choose a basis of 
ker P (as a real vector space) consisting of rational vectors, from which it follows that 

dim M (ker P) < dim Q (ker P D Q m ), 
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and hence dim® (ker P) < dim® (ker P D Q m ). This forces ker P = Q m D ker P. 
Again by the rationality of P, there is a vector 77 G Q m such that 

Pr) = PC, 


and hence 


P 1 ({P^}) = P 1 ({Prj}) = 77 + ker P = rj + Q m fl ker P — q + Q m D ker P. 

It is clear that 

f G 77 + Q m nkerP. 

On noting that any entry of £ is strictly positive, and all vectors in 77 + Q m 0 ker P are rational, 
for any e > 0, it follows that there is £ G 77 + Q m 0 ker P such that 


and each entry of ( is positive. 


HC-£lL<e 


□ 


Lemma 3.2. Let A be a unital subhomogeneous C*-algebra such that Prim^A) has finitely 
many connected components for each d. Let (P, e) be given. Then, for any compatible pair (k, 7 ) 
satisfying, where k : K 0 (A) —> Q = K 0 (Q ) and 7 : Aff(T(A)) —y R = Aff(T(A)), there is a 
homomorphism <f : A —)■ Q such that 

(1) [0]o = k, and 

(2) l7(/)(tr) -tr(0(/))| < e, / G P, 

where tr is the canonical trace of Q. Moreover, (j) can be chosen to have finite dimensional range. 

Proof. Without loss of generality, one may assume that P is inside the unit ball. Since Q has 
unique trace, it is enough to show that for any k : K 0 (A) —* Q and r G T(A) with 

r(p) = K(p), p G Ko(A), 

there is a homomorphism 0 : A —^ Q such that [0]o = k and 

W) -tr(0(/))| < e, /GP. 

By Corollary 12.51 there is a probability measure /i, on each A,;, and a* G [0,1] with 

m 

= 1 

i=l 

such that 

m r, 

T ( a ) = y2 a i tr i (n i (a))d// i , a G A, 
i =1 Jx < 

where tr ?; is the canonical trace of Mfc.(C). 
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Note that for each projection p G A <E) /C, one has 

rank(II,;(p)) 


lie n 

ip) = 

i=i Jx < 


dj 


d fii 


(3.1) 


E 

2= 1 


OL{ - 


rank(IIj(p)) 
di 


Since K 0 (A) is finitely generated, there are pi,p 2 , ...,p r G K 0 (A) which generate K 0 (A). Con¬ 
sider the matrix 

/ rank(fl 1 (pi)) rank(fl 2 (pi)) ■■■ rank(II m (p 1 )) \ 
rank(n 1 (p 2 )) rank(fl 2 (p 2 )) ■■■ rank(fl m (p 2 )) 


P = 


and the vector 


rank(II 1 (p r )) rank(II 2 (p r )) ••• rank(II m (p T .)) 
\ d\ d 2 • • • dm 


£ _ /CM Oil CTm\T 

S V j ) j ) •••) ~j ) ■ 

“1 « 2 


By (13. ip . one has 

P£ = (r(pi), r(p 2 ),r(p r ), 1) T = (re(pi), k(p 2 ), re(p r ), 1) T G Q r+1 . 
Then, by Lemma 13.11 there is a positive rational vector £ G Q m such that 

(3.2) P£ = P( and ^ < e/2l(h + ■ ■ ■ + k t ). 

Write 


By (13.21) . one has that 

(3.3) 

Since P £ = P(, one has 


- _ /Pi @2 Pm \ T 


|a, — Pi\ < e/2 m, 1 < i < m. 


Eft 


rank( 7 r x (p i )) _ ^ rank( 7 r x (p i )) 


2=1 2=1 


di 


di 


Since pi,p 2 > - - -, Pz generate K 0 (A), one has 

(3.4) 


^ft railk (;ftp)) = y] 0 , ra nk(y(p)) i p6Ko (t4). 


di 


i =1 ‘ i=l 

ft also follows from P£ = P£ that /?i + • • • + P m = 1. 

Consider r' G T(Al) defined by 

m 

r\ a ) = Y J Pi / trj(IIj(a))d/Xj, a G A. 


2=1 
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Then, by (j3.4[) and (13.3f) . one has 


and 


T \p) = r(p ), p e K 0 (4), 


\r{f)-r\f)\<e/2, feT. 

Consider each probability measure /i,, and choose a discrete measure /b such that 


tr i (n i (/))d/i i - / tr i (Il i (/))d/i i 


>Xi 


<e/2, feT. 


Write 


t^i 


7. 


k=1 


for some Xifc G X ?; , where S Xik is the Dirac measure concentrated at Xik- Without loss of generality, 
one may assume that all l t are the same and equal to l for some l. 

Dehne 


T(a) = £A / tr *(ni(a))d/i i , aeA. 


i= 1 


' Y, 


One then has 

and 


r(p) = r{p), p e K 0 (4), 


K/)-f(/)|<e, fer. 

Write A = Qifq for natural numbers g* < q. Since ^ A = 1, one has that 

Dehne a unital homomorphism by 

m l 

(f) : A 3 a H- (J) ®(T^ fc ( Q ) O • • • O ^^(q)) G Mat(C), 


Z— 1 /c=l 


d\ • • "‘dmQi 


where N — d\ ■ ■ ■ d m lq. Then 


tr(0(a)) = 


J2T= i ELi(A • • • A-iA+i • • ■ d m g i )Tr(7r a; . fc (a)) 


£ 

1=1 

m 


d\ ■ ■ ■ d n ql 

d i ■ * • A—iA-)_ i • • • d m di 1 


di ■■ ■ d n q 


qi-^tVi{n Xik {a)) 


k=l 


£ = f ( a )- 
j=l " L k=1 


Let i : Mat(C) —y Q be an unital embedding. Then the homomorphism satishes the condition 
of the lemma. □ 
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Lemma 3.3. Let A be a NCCC. For any finite set T C A and any e > 0, there is a finite set 
n C A + such that for any a > 0, there is S > 0 such that if t G T(Al) satisfies 

r(h) > a, h eFL, 

there exists t' G T(/L) such that 

(1) r\p) = r(p), p G K 0 (A), 

( 2 ) I T '(f) - T (f )I <e, f eT, and 

(3) afir') > 5, all i. 

Moreover, one may require that 5 depends only on a. 

Proof. If A = M ni (C) © • • • © M nfc (C). Then Ft = {lM ni (C) : 1 < i < k} satisfies the lemma with 
S = o for any given cr (in fact, one has that r' — r in this case). 

Let 

A = B ©M^ccs™- 1 )) Mfc(C(L> n )), 
where B is NCCC, and assume that the lemma holds for B. 

Let T C A, e > 0 be given. For each / e A, write / = (/b,/d) for f B e B and f B G 
Mfc(C(.D n )). Since B is assumed to satisfy the lemma, there is FL B such that for any a, there is 
5 b (er) > 0 such that if r B G T(£>) satisfies 

r B (h ) > cr, he FL b , 

there is t' b G T(A) such that 

Fb(p) = t b(p), V e K 0 (B), 

ITb(/b) - r B (f B )| < e/ 2 , /G J, 

and 

afiT B ) > S B (a), all i. 

Choose 7 > 0 such that 

WfD(x) - f D (y)\\ < e/2, f eT , 

if dist(x, y) < 7 . 

Define 

f 1, XG [1-7/2,1], 

57 : [0, 1] 9 x i-A < linear, x G [1 — 7,1 — 7 / 2 ], 

[ 0 , x e [ 0,1 — 7 / 2 ]; 

similarly, define g 7 / 2 and g 2l ■ 

For each h G FL B define h B G M fc (C (D n )) by 

r 0 , ii x ii g [ 0 , 1 — 7 / 2 ], 

h D (x) = < 4 " x "+ 27 - 4 y(/t)(^), ||x|| G [1 -7/2,1 -7/4], 

1 INI G [1 -7/4,1], 

where (p : B —)■ M/ c (C(S' n ^ 1 )) is the gluing map. 

For each h G Ft B , define 

h = (h, h B ) G A = B ©M fe (c( 5 "- 1 )) Mfe(C(D n )). 
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Also define g 2l — (0, <727 1m*. (C))) <? 7 /2 — (0, <77/2 1m*. (C)) G A. 

Then 

V . = { h , <?2 7 , 1 - ^7/2 : h G ' Hb } 
satisfies the condition of the lemma. 

Indeed, for any a > 0, set 

S = crS B ( cr ). 

Let r G T(A) be such that 

t{K) > a, h G "H. 

Without loss of generality, one may assume that 

T((f,g)) =(*T B (f)+P [ fl'd/i, 

J D n \S n ~ 1 

where // is a discrete probability measure of D n \ S n_1 . Since r(g 7 ) > a, one has 

(3 > a. 

Write n = PiPx.,/ For each 07 with ||xj|| > define r B>Xi G T(T>) by 

r B,Xi(f) = 

tv 

Then dehne the trace 

= ar B (f) + P{ E ATB,si(/)) + /3( E A) [ -— E A^) 


IM>i 


X; <7 


’(D n )° 


2 <1 


where 


and 


= a'f B (f)+P' S'd/i', 

J (D n )° 

<XT B (f) + PiT BlXi (f)) 

Tb (/) = -—-^ - , « = « + 

« + Z.||^||>T PPi 

1 


E p^, 


/i = 


Z)||xi||<3 Pi 


E a**„ p , = p('52 Pi). 


2 Fi K" 


<- 


Note that 

(3.5) r(p) = f(p), p G K 0 (A). 

By the choice of 7 , one has 


(3,6) 

Noting that 
one has 


\f(f)-r(f)\<e/2, feT. 

F(<? 2 7 ) = t(^ 2 7 ) and t(1 - <j 7 / 2 ) > t(1 - 3 - 7 / 2 ), 
f(g 2l ) > cr and f(l - <? 7 / 2 ) > o’. 
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A straightforward calculation shows that 

P' > and a' = t (1 - .g 7 / 2 ), 

and therefore 


(3.7) P' > a and of > a. 

Also noting that for any h G TLb, one has 

f(h) > r(h) > a, 


and 

Therefore, 


r[h) = off B {h). 


Tsih ) > a/a' > a, he TLb- 

By the inductive assumption, there is t' b G T(i?) such that 

(3.8) TbCp) = TsO), p e Ko(fl), 


(3.9) 
and 

(3.10) 


V'bUb) - Tb(/b)| < e/2, /6T 

«i(Ts) > S b (ct), all i. 


Then the trace 

r'(f, 9 ) = + P' f gd/i' 

J(D n )° 

satisfies the condition of the lemma. By (13.51) and (13.81) . one has 

T \p) = T (p), p e K 0 (A), 


Indeed, by (13.61) and (13.91) . one has 

(3-11) \r'(f) -r(/)| < e, 

By (13.7p and (13.101) , one has 

Oii(r') > ad B {c r), 

as desired. 




all i, 


□ 


Lemma 3.4. Let P be a m x n matrix. Assume that m > n and rank(P) = n. Let a > 0 be 
given. Then, for any £ > 0, there is 6 > 0 such that for any vectors £ G M m and k G K n with 

(1) £j > a, i — 1,..., m, and 

(2) ||« - P (IL < 

there is ( G M m with Q > 0, i — 1,..., m such that 

(3) P( = k, and 

(4) ||£ - Clloo < e. 
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Proof. Regard P as a linear map from M m —y M n . Since rank(P) = n, one has that P is surjective. 
Therefore, for the given e < cr, there is <5 > 0 such that 


(3.12) B,. IL (0,i)CP(B Moo (0, £ )). 

Then the <5 satisfies the condition of the lemma. Indeed, let £ G M m and k G M n be given, and 
satisfy 

Ik - p«IL < s- 

Then 

K -P(5)6B IMU (0,i)CE" 

By (13.121b there is 6 G Bu^j^ (0, e) C M m such that 

P(d) = K-P(Z), 


and hence 

p(£ + e) = K . 

Since each entries of £ is at least cr > e, one has that 

f + 6 G (M+) m , 


and therefore 

is the desired vector. 


C = Z + 0 


□ 


Remark 3.5. Let A be an NCCC, and let n : K 0 (A) —> Q be a positive map. Since A is of type 
I, it is exact; therefore, n (regarded as a state of K 0 (A)) is induced by a trace. That is, there is 
r G T(kL) such that 

k(p) = r(p), p G K„(j4). 

In particular, this implies that n factors through p J 4 (K 0 (A)). 

Lemma 3.6. Let A be an NCCC. Let (J 7 , e) be given. Let pi,P 2 , ■■■■>Pn G K 0 (A) be such that 

{pi ,..., p n } is a set of generators for pa(K 0 (A)) (as an abelian group) (still use the same notation 

for the image of Pi). Then, there is a finite set PL C A + such that for any a > 0, there is S > 0 

such that if k : K 0 (A) — > Q and r G T(A) satisfy 

(1) r(h) > a, h G PL, and 

(2) \r(pi) -n(pi)\ < S, i = l,...,n, 
then there is t' G T(A) such that 

(3) |t'(/) - r(/)| < e, f G T, and 

(4) r'(pi) = «(pi), i = 1, ••., n. 

Proof. Without loss of generality, one may assume that T is contained in the unit ball of A. One 
may also assume that pi,pi, ...,p n G /yi(Ko(Ll)) are Q-independent. 

Let PL C A + be the subset of Lemma [3.31 with respect to A, T, and e/2. Then PL satisfies the 
lemma. 
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In fact, for any a > 0, let S' be the constant of Lemma 13.31 with respect to a. Consider the 
m x n matrix 


P = 


V 


rank(IIi(pi)) 

rank(ri 2 (pi)) 

rank(II m (pi)) 

di 

d2 


rank(Ili(p 2 )) 

rank(ri2(p2)) 

rank(II m (p 2 )) 

di 

d2 

dm 

rank(IIi (p n )) 

rank(Il 2 (p„)) 

rank(II m (p„)) 

di 

d2 

dm 




Since pi,pi, ..., p n E Pa(Ko(A)) are Q-independent, the matrix P has rank n and it satisfies the 
assumptions of Lemma 1,3.41 Applying Lemma lo~fl to 5' (in the place of a) and e/2 m, one obtains 
< 5 . 

Let (k, t) be a pair satisfies 

\r{pi) - k{Pi)\ < S, i = l,...,n, 

and 


(3.13) 

r[h) > a, h E P. 

Bv (J3.13|) and Lemma 13.31 there 

is t' E T(A) such that 

(3.14) 

T f (Pi) = r(pi), i = l,...,n, 
|t'(/)-t(/)| <e/2, fEP, 

and 

oti{r') > 5' , Vi. 

Set 


f = (ai(r'),a 2 (r'), 

•••,a m (T / )) T and «= (/c(pi),/c(p: 

and then one has 


!T«-«IL = 

max{r'(pj) - /c(pi) : i = 1, ...,n} 

= 

max{r(pj) - : i = 1,..., n} 1 

< 

5 

By Lemma 13.41 there is a positive vector ( = (fli, ...,/3 m ) such that 

(3.15) 

= («(Pl), «(P2), «(Pn)) T 

and 

a* — /?/ < e/2 m, Vi. 

Consider the trace 


It is clear that 



|r"(/)-r(/)| <e, / G T. 

By (13.151) . one has 

T "(jp) = «(p), p E K 0 (A). 

Moreover, the trace r" is indeed a state since t"{1a) = /c([l^]) = 1, as desired. 


□ 
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Theorem 3.7. Let A be a unital NCCC, and let a > 0. Let (J-,s) be given. Let pi,p 2 , £ 
Kq(A ) be such that the set {pi,...,p n } generates the group pa{K 0 (A )) (let us still use the same 
notation for the image of Pi). Then, there is a finite set TL C A + such that for any a > 0, there 
is S > 0 such that if n : K 0 (A) —> Q and r G T(A) satisfy 

(1) | t(p0 - K[pi \| <5, i = 1, and 

(2) r(h) > a, h G TL, 

then there is a homomorphism 4 >: A —>■ Q such that 

(3) [0] o = k, and 

( 4 ) I r(f) - tr(0(/))| < e, f G 7, 

where tr is the canonical trace of Q. Moreover, cf can be chosen to have finite dimensional range. 

Proof. Let TL C A + denote the finite set of Lemma T3.61 with respect to the data A, T, e/2. Then 
TL satisfies the theorem. 

Indeed, given a > 0, consider the constant 5 of Lemma l3T6l with respect to a. Let (k,t) be a 
pair as above—^-compatible on p u i = 1,... ,n, and such that 

r(h) > a, h G TL. 

By Lemma [3761 there is r' G T(A) such that the pair (k, t') is exactly compatible on the pt and 

\Af)-r(f )| < e/2, / GT 

Then, by Lemma 13.21 there is a homomorphism (j) : A —> Q such that 

[0] 0 = K 

and 

|tr(</>(/)) — ^r'(/)| < e/2, /GJ, 

and therefore satisfying the condition of the theorem. □ 

4. A DECOMPOSITION THEOREM AND A UNIQUENESS THEOREM 
Recall (see, for instance, nm) 

Lemma 4.1 (The Marriage Lemma). Let A and B be two finite subsets of a metric space. 
Suppose that for any set X C A, one has 

ff{y G B : dist(y, A) < £> > ffX, 

then there is a set B' C B and a one-to-one pairing between A and B' such that the distance 
between the points in each pair is at most e. 

The following statement is a generalization of the Marriage Lemma due to Gong in a unpub¬ 
lished manuscript: 
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Lemma 4.2. Let A, B be two finite subsets of a metric space with subsets Ai C A and B i C B. 
Suppose that for each X C Ai, one has 

#{yeB:dist(y,X)<e}>#X 

and for each Y C B\, one has 

G A : dist(:r, Y) < e} > fiY. 

Then there are sets A 2 C A and B 2 C B such that 

A\ C A 2 and Bi C B 2 , 

and the elements of A 2 and B 2 can be (bijectively) paired to within e. 

Proof. The proof is similar to that of [TO] . We spell out the details for reader’s convenience. In 
the case = 0, i.e., B 1 is empty, then this is the case of the classical Marriage Lemma 

(Lemma 14.ip in the case of Ai and B. (For this case, X 0 can be chosen to be Ai.) 

We define partial order for (m,n) G TLA x TLA (where 1A = {0,1,2,...} is the set of positive 
integers) by (m,n) < (m^ni) if m < mi and n < n±. We denote (m,n) < (mi,ni) if ( m,n ) < 
(m 1; ni) and (m, n) We will prove the lemma by induction on fi(Ai) and A(B 1 ). 

That is, we assume that if the result is true for the case (#(Ti), #(Bi)) < ( m,n ) and prove the 
lemma to be true for the case 

#(Ai) = m and #(5i) = n. 

The rest of the proof divides into two cases. 

Case 1 . For any nonempty set X C Ai, 

#{yeB- dist(r/,X)<£}>#(X) + l 

and for any nonempty set Y C B\, 

#{x G A; dist(x, Y) < e}> #(T) + 1. 

Choose any a G T 1; there is a b E B such that dist(a, b ) < e. We will pair a G A\ with b G B. 
Then let A = T\{a} with A\ = T!\{a}, and B = B\{b} with Bi = Bi if b Bi or Bi = 
if b £ B 1 . It is easy to verify that A I) A\ and B I) B\ satisfy the condition of the lemma with 
(jf{Af), #(BAf) = either (m — 1, n) or (m — 1, n — 1). That is, (ff(Ai), #(i?i)) < (m, n ). By the 
induction assumption, there is a subset A 2 5 A 1 and B 2 A B 1 such that X 0 can be paired one 
by one within e. Then the sets A 2 = A 2 U {a} and B 2 = B 2 U {6} satisfy the lemma. 

Case 2 . The conditions of Case 1 do not hold. Then either there is X C A\ or Y C5j does 
not satisfy the condition in Case 1. That is, either there is X C A\ such that 

#{yeB- dist {y,X)<e} = #{X), 

or there is Y C such that 

G A; dist(x,T') < e} = #(T). 

Without loss of generality, let us assume there is Y\ C B\ such that 

#{x G A; dist(x, Yfi) < e} = #(T'i). 
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Let Xi = {x E H; dist(x, Yi) < e}. Then for any subset Z C Y 1} {x E A; dist(x, Z) < ej C X 1 
and therefore {x E A ; dist(x, Z) < e} = {x E Xp, dist(x, Z) < e} which has at least ff{Z) 
elements. That is, Y\ and Xi satisfy the condition for the classical Pairing Lemma with Y x = 
A, X\ — B as in 2.10. Hence Y 1 and X 1 can be paired one by one to within e. 

Let B = B\Y\ with subset B\ = B\ \ Y, and let A = A \ X\ with subset Hi = Hi \ ( X\ D Hi). 

Let us verify that B D B\ and H I) Hi satisfy the condition of the lemma. Let Y C B\. Then 

{x E A; dist(x, Y U Y\) < e} = {x E Hq; dist(x, Y) < e} U X±. 

Since #(X0_= #(Yi) and {x e A; dist(x, Y U Y x ) < e} > #(Y) + #(Y X ) = #(Y) + #(X x ), we 
have, {x E Hq; dist(x, Y) < e} > #(Y). 

Let X C Ai. Since for point y G Y 1; dist(?/, A) > e, we have 

#{2/ e H; dist(</, A) <£} = fi{y E B ; distfo, A) < £> > #(A). 

So the conditions of our lemma hold for A D Hi and B B\ with 

#(Hi) = #(Hi) - #(Yi) < n and #(Hi) < #(Hi) < m. 

So by the inductive assumption, there exist H 2 A Hi and B 2 A Hi such that H 2 and H 2 can be 
paired element by element to within e. Then the sets H 2 = H 2 U X\ and B 2 = B 2 U Yi satisfy 
the lemma. □ 

Definition 4.3 (See 2.2 of [[9]). Let H be a unital C*-algebra with T(H) 0. Recall that each 
self-adjoint a E A induces a E Aff(T(H)) by d(r) = r(a), r G T(H). Denote this map by pa- 
Denote by Af the set of positive elements with norm at most 1, and then denote by Af the 
image of Af in Aff(T(H)) under the canonical map pa- 

As a consequence of this generalized version of the Marriage Lemma, one has 

Lemma 4.4. Let A = B ®u k (C(s n ~ 1 )) M fc (C(_D n )) be an NCCC with n > 1. Let A : Af q \ {0} —> 
(0,1) be an order preserving map. Let T C H be a finite set, and let e > 0, 1 > 7 > 0, and 
Me N. There are finite sets Hi,H 2 C H + and S > 0 such that for any unital homomorphisms 
(j ), if : A —>■ M m (C) such that 

(1) r(0(/i)), r(if(h)) > A (h), h E Hi, and 

( 2 ) \r(<i>{h)) - r(if(h))\ <5,hE H 2 , 

there are unital homomorphisms <f>'',ip' : H —>■ M m (C) such that 

(3) || 0(f) - </>(/) || < e, \\if\f) - W)|| 

(4) SP(0 / ) DB(1 — 7 ) = SP('0 / )nB(l— 7 ), and each point in SP(<//)flB(l — 7 ) has multiplicity 
at least M, 

where B( 1 — 7) C D n is the closed ball with radius 1 — 7. 

Proof. Let (A, e) be given. For each / E J-, write / = (/b,/d) where f B E B and f B E 
M fc (C(D n )). Set 

X B = {f B :feJ r } and T D = {f D : / e A}. 
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Choose 77 > 0 such that for any x, y € D n with dist(x, 7/) < 477, one has 

( 4 - 1 ) ||/ d ( x ) ~ f D (y)\\ < £, f£F- 

Without loss of generality, one may assume that 5 r] < 7. 

Fix an 77-dense finite subset {xi,x 2 , Q B(1 — 7). For each subset 

{2/1,2/2,2/t} C {xi ,x 2 ,...,xj}, 

define 

h{ yi ,..., yt } = max{l - -dist(x, {2/1, 2/t}r?), 0}, 

where Y v denotes the 77-neighborhood of Y if Y is a subset of a metric space. Using 

{ 2 / 1 , 2 / 2 , -,yt} 2r? ^ {Vl, 2 / 2 , 2/i>3r7, 

choose a positive function g{ yi ,..., yt } E C(D n ) such that 0 < g{ yi ,..., yt } < 1 and 

supp(g{ yi ,..., yt }) Q {yi, ■■■, yth v \ {yi, •••, yt} 2 V - 

For functions h yir .. tyt and g yil ... tyt , regard them as the elements 

^ 1 ,..., 2 / t l Mfc (c(D«))), (0,5'y 1 ,..., yt lM i! (c(D-))) e A = B ©Msecs'"- 1 )) M fe (C(F) n )), 

and still denote them by and g yi> ... !yt , respectively. 

Put 

B-i {g{yi,—,yt} • {Vii •••, Vt} — {•! 1, x 2 ,..., X;}}, 

^2 = {h{ yi ,..., yt } : {t/i, 2/t} C {xi, x 2 , x/}}, 

and 

(4.2) 5 = min{A(^ {yii ... )W} ) : {y u ..., y t } C {xi,..., X;}}}. 

Also pick a finite open cover 27 of £>(1 — 7) such that each U EU has diameter at most 77, 

\JUCB(1- 7 / 2 ) and [/ \ (J U ^ 0 . 
r/GW v+u 

Then choose continuous functions Su } 1, ...,su,m E C(_D") such that 

SUpp(Sf/ ) j) C U U and supp(s[/ ji ) D supp(sf/j) = 0 , i 7 ^ j. 

v+u 

Regard each as an element of A, and put 

S = : U — ..., M}. 

Then "Hi := "Hi U 5 , 72 2 and 5 have the property stated in the conclusion of the lemma. 
Indeed, let 0 , t/> : A —> M m (C) be unital homomorphisms satisfying 


(4,3) 

r(0(h)), T(i/j(h)) > A(h), h E 7U 

and 


(4-4) 

r(0(h)) - r{ip{h)) < 5, he 72 2 . 
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Let Y C SP(0) fl B(1 — 7 ) be an arbitrary subset. Let 

{yi,V2,-,yt} Q {xi,x 2 

denote the subset of the points y satisfying dist(?/, F) < 7 . Then 
#F < m • tr( 0 (/i {wi) ... )Vt} )) 

< m-tr(i/j(h {yi ^ yt} )) + m-5 (by (HU) 

< mAr(^(h {yi ^ yt} )) + rn-A(g yit ___ >yt ) (by (HU) 

< #(SP('0) fl { 2 / 1 , ...,y t } 2ri ) + m ■ A(g yi!4 _ 4>yt ) 

< #(SP(V’)n{j/i,...,j/ t } 3 „) (by (HU) 

< #(SP(^)ny 4 , ? ). 

The same argument shows that 

#x < #(SP(0) n x 4v ), x c sp(^) n B(i - 7 ). 

Then, applying Lemma [4.21 with 

A = SP(0) n B(l - 77 ), ^ = SP(0) flB(l - 7 ) 

and 

b = sp(^) nfi(i -7), £1 = SP(V 0 n£(i -7), 

one obtains A 2 and I ?2 such that 

( 4 . 5 ) sp( 0) n b ( 1 - 7)a 2 c sp(</>) n 5(1 - 7) 

and 

(4.6) SP(V0 n B( 1 - 7 ) c b 2 c sp(^) n 5(1 - 7 ), 

and A 2 and B 2 can be paired up to 4r/. 

Write 

A 2 i) A '<f>, 2 i ■■■) and B 2 •••> ' 2 '- 0 ,s} 

for some s, where 

(4.7) dist(^i, Z 0 ,i) < 47 , i = 1,..., s. 

Then, up to unitary equivalence, there are decompositions 

S S 

<P = 4> © © and ip = ip ® 0 tt 2)W , 

i=l i =1 

where SP0 D B(1 — 7 ) = SP ip D B(1 — 7 ) = 0, and the homomorphisms 

S S 

(p 1 = (p = <p © ® 7 t z ^ and ip' = ip 0 0 7T Z ^ 

i =1 2=1 

have the required properties except the requirement on multiplicity. 

Indeed, by (14.7P and (14.11) . one has 


\\<P{f) ~ <f>'(f)\\ = 0 < e and \\ip(f) ~ ^'(/)|| < £, feJ 7 . 
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By f!4.5p and (14.61) . one has that 

SP(0') n b(i - 7 ) = {**,!> -> H,s} n b(i - 7) = sp(0') n B(i - 7 ). 

To satisfy the multiplicity condition, one needs to perturb 0' and 0' further. Since 

0(sj/,i) > A (§u,i) >0, U E U, i = 1, ..., M, 

one has that for any U E U, at least M of ...,z^ s } are inside U \ (counting 

multiplicity). Then there is a grouping of grouping {z r p 1 ,..., z^ s } such that each group is insider 
at most one open set U and has elements at least M if it is covered by an open set U. Therefore, 
after a perturbation, one may assume that each point in {z^, ..., z$ s } C\B(1 — 7) has multiplicity 
at least M, and hence 0' and 0/ satisfy the desired multiplicity condition. □ 


Theorem 4.5. Let A = B ® Mk ^c(S n ~ 1 ))^-k(C(D n )) be an NCCC, and let A : A^ g \{0} —>■ (0,1) be 
an order preserving map. Let T C A be a finite set. Let £ > 0, 7 > 0 and K E N\{0}. There are 
finite sets Hi,H 2 Q A + and S > 0 such that for any unital homomorphisms 0,0 : A — » M m (C) 
such that 


(1) r(0(h)), r(0(h)) > A (h), h E Hi, and 

(2) |r( 0 (h)) — r(0(h))| < 6, hEH 2 , 

there exist unital homomorphisms 0,0 : A — » M m (C) sncd that 


(3) 0(/) - 0(0) 


< e, 


0(/) - fH/) 


< £, f E J 7 , 


(4) 0 and 0 dare decompositions 


0 = 0 o © 0 i © • • • © 0 i and 0 

s -v-' 

K 


00 © 01 © • • • © 01 

"-v-—' 

K 


such that 0 ! and 01 are unitarily equivalent , and 

tr(0 o (a)) < r) ■ tr(0(a)) and tr(0 o (a)) < 77 • tr(0(a)), a E J 7 . 


Proof. The statement holds if A is finite dimensional. Assume that the statement holds for i?, 
and let us show that the statement holds for A. 

Let (J 7 , e) be given. For each f E J 7 , write / = (/#, fo) where fsEB and fn E Mk(C(D n )). 
Set 



F B = {fB-f eF} and 

Td 

= {f D :fE J 7 }. 

For each r 

■ > 0, define 




( 

x E 

[0,1 — r], 


g r : [0,1] 9 x 1 —> < linear, 

x E 

[1 — r, 1 — r/2], 


l 0 , 

x E 

1 

-i 

to 

Also define g r = (O,0 r (||z||)l Mfc (c(£>»))) e A. 



Pick 7 > 0 such that 



( 4 . 8 ) 

II Id(x) - f D (y )II < e/8, 

f E J 7 , dist (x,y) < 7 . 

and considei 

' g T 
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Consider the linear map 

X; : M t (C(S”-’)) 3 / (x >-> (1 - 9 ,(l|l||)) • /(A)) 6 M 4 (C(D")) 

11 X 11 

Clearly, y 7 is a positive linear map, and then the map 


r 7 : B E5 / ha (/, X 7 (<^(/))) e A 


is positive and injective, where Lp : B —* Mfc(C(S' n_1 )) is the gluing map. 

If / G B satisfies that r(f) = 0, r G T (B), then r(y(/)) = 0, r G T(Mfc(C(.D n ))), and 
therefore 

r(r 7 (/)) = 0 , TGT(A). 

Hence the map 

A fl :flj9/^A(r 7 (/))G(0,l) 

is well dehned and is order preserving. 

Applying the inductive hypothesis to B with A B , B Bj e/2, K and 77 , one obtains 'H b ,i, Mb, 2 , 
and 5 B . 

Define 

H B , 1 = (r 7 (h) : h G T~L b , 1} and — {T 7 (h) : h G 'H Bt 2}- 


Put 

a B = min{A(h) : h G 
Let 7 be a positive number such that 

(4.9) \\x^(h)(x) - x 7 (/i)(t/)|| < min{——^ h^U B ^U B ^T D 

for any x,y G _D n satisfying dist (re,?/) < 7 . 

Let C A, C A and denote the finite sets and constant of Lemma [4741 with respect 
to T U % B a U 1tL B) 2 (in the place of J 7 ), min{e/8, A(1 — (? 7 /2)<5 b/8, a B /8} (in the place of e), 7, 
M = |_2iC/7j + 1, and A. 

Then 

B\ = 0 ,B.\ U %ua U {1 — g-y/2, g-y}, B 2 = Hb,2 U %d, 2, 

and 

5 = min{A(l - <? 7 / 2 )<W 4 , <t b /4, 5 d } 

satisfy the statement. 

In fact, let </>, "0 : A —» M m (C) be unital homomorphisms satisfying 


(4.10) 


r(<j)(h)),T((l>(h)) > A(h), h€Hi 


and 


(4.11) |r(0(h)) - r(7/(h))| < <5, h e K 2 . 

Since 5 < 5 B , by Lemma [4.41 there are homomorphisms 

0', i)' ■ A M m (C) 
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such that 

(4.12) 

(4.13) 
and 


II0'(/) - 0(/)ll < min{e/8, A(1 - g l/2 )S B /8, <x B /8}, / G T U U B>1 U U B)2 , 

WU) ~ V>(/) II < min{e/8, A (1 - g l/2 )S B /8, a B /8}, f G T U H B ± U H B , 2 , 


Sp (</>') n b(i - 7) = Sp(V0 n B(i - 7) = {x u x 2 ,x t }, 

for some x±,x 2 , ...,Xi G B (1 — 7) with multiplicity at least M. Therefore, up to unitary equiva¬ 
lence, there are decompositions 

l 

(4,14) 


— 0b ® f j ® ©) 


7T t 


2=1 

m-ifj 


2=1 


$ = V4 © (© 


7 T, 


i/j,i ) 




(4.15) 

2=1 2=1 

for some G N and some x^i, ..., x^ m ^ x^x, ..., G £> n with 1 > ||x^j|| > 7 and 

1 > ll^djll ^ 7- 

By (I4.10p . (14.121) and (14.131) . one has 

(4.16) tr(0 / (h)),tr(V» / (h)) > ^A(h), h G %b,i- 

O 

It also follows from (14. lip (I4.12p and (I4.13P that for any h G 'H B .i U "H Bj2 , 

(4.17) |tr(0'(h)) - tr('0 / (h))| < |tr(<//(h)) - tr(^'(^))l + A(1 - 9 i/ 2 )<V 4 

< <5 + A(1 - g y / 2 )5 B /4: < A(1 - g^/ 2 )5 B /2. 

Therefore, by the decompositions (I4.14p and (I4.15j) . one has 

772 (j) TTIiIj 

(4.18) tr {(j>' B (h) © (© h(x^i))) - tr i^' B (h) © (© h{x^)) < A(1 - g l/2 )5 B /2 

2=1 2=1 

For each point x ^ (or x^j), replace the homomorphism 7 x x (or .) by the homomorphism 
7T X ^. (or 7T X ^.), where x'^ = x^/ Wx^W G S'” -1 (or x ^ = x^/ \\x^i\\ G S’” -1 ). By the choice of 
7 (see (14.91) ). one has 


(4.19) 

and 

(4.20) 


m$ 






2=1 


m .^ 


2=1 






2=1 


2 = 1 


^ = </4 


^ . rA(l-^ 7 / 2 )hs a B e ~ ~ 

< ^g}, h £ TL B i,i U H Bi ,2 U ^-h), 


< min{ —— h G 7 i Bl ,i U H Bl ,2 U .Fr>. 

4 4 o 




m^jj 


[©tt^) and V’B=^B®(©% ii )- 


2=1 


2=1 


Put 
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Since G S n 1 , the homomorphisms 0^ and 0g factor through B. Dehne 


(4.21) 0" = 

By (i4.19lh (14.201) . one has 


<>B 


(©©o:) and -0" 


i= 1 


l 

i’B © (© ©Si)' 
i=1 


(4.22) ||0'(/)-0"(/)ll<£/8 and ||0"(/) - 0"'(/)|| < e/8, /GJ. 

By (I4.19p . (14.201) . and (14.16() . one has 

(4.23) tr(0"(/0),tr(0"(/0) > ^A (h), h G ?7s,i. 

By (I4.19p . (14.201) and (14.181) . one has 

(4.24) |tr(0"(h)) - tr(0"(h))| < ^A(l - g l/2 )5 B , h G U B , 2 - 

For each point Xi with ||xj|| > 1 — 7, replace the homomorphism n Xi by 7 r x /, where x[ = 
Xi/ ||xj|| G S'” -1 . Clearly, the homomorphism n x >. factors through B. Also note that for each such 
Xi, one has 


(4.25) tr(n x >.(h)) > tr(n Xi (h)), h G 'H b ,i- 

By the choice of 7 (see (14.8p ). one also has 

(4-26) ||a c '(/h) - vr Xi (/ D )|| < s/8, / G 7. 


Set 

0s = 0 B © ( © Ax') and 0£' 

and consider 

(4.27) 0'" = 0s © ( © vr Xi ) and 0" 

lhi|l< 1- 7 

By (14.26P . one has 


i’B © ( © ©r')’ 

||a;J 11 >1—'T' 

^B © ( © ©r»)- 

||xi||<l—7 


(4.28) ||0"(/)-0'"(/)|| <£/8 and ||0"(/) - 0"'(/)|| < s/ 8 , /G F. 
By (I4.25P and (I4.23p . one has 

(4.29) tr(0"'(h)),tr(0"'(h)) > ^A(h), h G 
By (I4.24p . one has 

(4.30) |tr(0"'(h)) - tr(0"'(/i))| < ^A(l - g y / 2 )S B , h G 70b, 2 - 


Denote by 


Then, by (I4.29p . 


IV = rank(05(l)) = rank(05(l)). 

N 3 --- 

— > tr(0'"(l - g l/2 )) > -A(l - g l/2 ), 
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and 

m — N . ,.... ,. , 7—r. 

-> tr </> c/ 7 > A c/ 7 . 

m 

Therefore 

(4.31) |A(1^) < ^ < 1 - A((X))- 

Then, by considering the unital homomorphisms : B —> Mjv(C), it follows from (I4.30P 

and (I4.3ip that 

771 

(4.32) -(Tr(0"'(h)) - Tr(0"'(h))) = -(tr(<//"(r 7 (h))) - tr(0"'(T 7 (h)))) < S B , he U B , 2 . 

It also follows from fl4.29p that 

VM(fc)) > trM(fc)) = tr«(r 7 (ft))) > A (ft), A 6 H b ,i, 

and 

^W(^)) > M^sO)) = tr(V>'"(r 7 (/i))) > A (^)> h e Kb, i- 

Then, it follows from the inductive hypothesis that there are homomorphisms (f) B ,ipB '■ B —>• 
Mjv(C) such that 


(4.33) 


<M/s) - 0 b(/b) < £ / 2 and <M/b) - ^bUb) < e/2, /GT, 


and there are decompositions 

0b = 0s,o © 0s,i © ■ ■ • © 4>b,i and 4> B = ^ B ,o © $b ,i © ■ ■ ■ © 

V -v-' V -V-' 

K K 

with <j>B ,i and tfj B , 1 unitarily equivalent and 

(4.34) -^rank(0 BjO (a)) < V • -^rank(0 B (a)), aeI B , 

(4.35) -^rank(^ B; 0 (a)) < r) • -^rank(^ B (a)), a e T B - 

By f!4.3ip and f|4.34p . one has that for any a e one has 

(4.36) tr(</ B 0 (a)) = —rank(0 BO (a)) = —^-rank(0 BO (a)) < rj ■ —rank(</ B (a)) = rj • tr(</ B (a)), 

m m JM m 

and for the same reason, 

(4.37) tr($ B ,o(a)) < V • tr(^ B (a)), a G T B - 
Consider the map 0|| a ,.|| < 1 _ 7 7 r Xi , there is a decomposition 

© = © ©d 0 ( ffi TTx") ©■■■©( © ?r<), 

lhi ||< 1 ~7 ||xi||<l-7 ||xi||<l—7 |[xi||<l—7 


A 
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where each x[ and x" are same as Xi but with different multiplies, and x\ has multiplicity at most 
K. Since each X{ has multiplicity at least M = [2K/rj\ + 1, one has that 


(4.38) 

Then set 

and 


M © T®)) < VH ® Tjo)), aeA. 

lhi|l< 1 -7 lhi||<l~7 


LO 


© 7r x / and = fi>B ,o © © 


T 'r ' , 


lhi||< 1 -7 


lhi||< 1 ~7 


A = <Pb,i © ( © 7r s ») and -0i = i> B ,i © ( © n x >>), 

11 a:* 11 < 1 —7 ||a; i ||<l-7 


where (pB,o, <Pb,i, fi’B.o, f’Bp are regarded as maps on A. 
The homomorphisms 


(pB,i and ip = ip 0 © ip B ,i © • • • © ipB ,i 


K 


and these decompositions have the properties required in the statement of the theorem. 
Indeed, by (14.12p . (14.13jl . (14.221) . (14.281) . and (14.3 31) . one has 


and 


<Hf)~4>(f) <Mf)-r(f)\\+ ru) - kf) <e /2 + e /2 = e, /e T, 


1>(f)-■$(/) <IIV’(/)-V’"'(/)ll+ </’"'(/)- kf) <e/2 + e/2 = e, f€T. 


It is also clear that <pi and ipi are unitarily equivalent, and it follows from (14.361) . (j4.38j) and 
(I4.38H that the maps (po and ipo satisfy the desired trace condition. □ 


Recall (from |9|) 


Lemma 4.6 (Lemma 4.13 of ||9j). Let A be a unital separable nuclear residually finite dimensional 
C*-algebra satisfying the UCT, and let A : Af \ {0} —>■ (0,1) be an order preserving map. For 
any finite set T C A and any e > 0, there exist 5 > 0, a finite set Q C A, a finite set V C K_(A), 
a finite set % C A l + \ {0}, and an integer K > 1 satisfying the following condition: For any two 
unital Q-5-multiplicative linear maps (pi,(p 2 ■ A —> M n (C) (for some integer n) and any unital 
homomorphism ip : A —>■ M m (C) with m>n such that 

( 1 ) roip{g) > A (g), geK, 

(2) [<Pi\\v = [foWv, 

there exists a unitary U e Mx m +n(C) such that 


Mf) © W) © ■ ■ • © ip{f) © ^(f) © • ■ ■ © *P{f))u 

'-V-' '-V-' 


K 


K 


< £, fen. 
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Theorem 4.7. Let A be an NCCC. Let A : Af q \ {0} —* (0,1) be an order preserving map. Let 
be given. Then there are finite sets Q C A, PL\ C A + , PL 2 C A + and V C KfA), and 
positive numbers 5, a > 0 satisfying the following condition: 

If (ft, if} : A —>■ M m (C) are unital Q-5-multiplicative maps such that 

(1) [0]|p = [0]| v , ^ 

(2) tr(0(h)) > A (h) and tr(0(h)) > A (h), h G PLi, and 

(3) |tr(0)(h) - tr(0)(h)| < a, h G Pt 2 , 

then there is a unitary u G M m (C) such that 

||0(/) -u*i/j(f)u\\ < e, feJ 7 . 

Proof. Applying Lemma 14.61 to the data A, A/4, and (J 7 , e/3), one obtains {Q',5',V,PL, K) 
satisfying the conditions of Lemma 14.61 

Applying Theorem 14.51 to the data A, A/ 2 , TUPL, minje/ 6 , A(PL)/A} (in place of e), p = 1/2 K, 
and K, one obtains PL\, PL 2: and 2 a (in place of 5) satisfying the conclusion of Theorem 14.51 
Without loss of generality, one may assume that PL\ and PL 2 are in the unital ball of A. 
Applying Corollary 5.5 of j9] to 

T U U x U n 2 , min{ £ / 6 , A(Hi)/2, A(H 2 )/2, a/4}, min{l/2A, A('H 1 )/2, A(H 2 )/2, a/4(1 + a)}, 
one obtains (Q,S). 

Then Q , 5, a, PL\, PL 2 , and V satisfy the conclusion of the theorem. Indeed, let 0, if : A —> 
M m (C) be (/-^-multiplicative maps such that 

(!) [<t>]\v = [$\\v, ^ 

(2) tr(0(h)) > A(h) and tr(0(h)) > A(h), h G PLi, and 

(3) |tr(0)(h) -tr(0)(h)| < a, h G PL 2 . 

By Theorem 5.5 of [9], there are 0o, 0i, 0o, 0i : A —>■ M m (C) such that 0o, 0o are Q'-5'- 
multiplicative, 0 i, 0 i are homomorphisms, such that 

(4.39) ||0(a) - 0o(a) © 0i(a)|| < min{ £ / 6 , A('Hi)/2, A('H 2 )/2, a/4}, a G T U PL\ U PC 2 , 

(4.40) ||0(a) - 0 o (a) ® 0i(a)|| < minjs/6, A{fH\)/2, A(PL 2 )/2, a/4}, a G T U PL\ U Pt 2 , 
and 

tr(0 o (l)) = tr(0 o (l)) < min{l/ 2 K, A('H 1 )/ 2 , A('H 2 )/ 2 , a/4(l + a)}. 

Consider the unital homomorphisms 0i,0i : A —> pM m (C)p, where p = 0i(l) = 0i(l). One 
has that 

(1) r(0i(h)),r(0i(h)) > A(h)/2, h G PLi, and 

( 2 ) |r( 0 i(h)) - r( 0 i(h))| < 2 a, hePL 2 , 

where r G T(pM m (C)p). 
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By Theorem 14.51 up to unitary equivalence, there are homomorphisms 0(, f)' x , h : A —>■ 
pM m (C)p such that 


(4.41) 


0i (a) - 4>[{a) ® p(a) ® • • • ® p,(a)^ 

K 


< min{e/ 6 , A("H)/4}, 


a G J- U TL, 


(4.42) 


and 


0 i(a) - 0 ( (a) ® p(a) ffi ■ ■ ■ ffi p(a) 


“NT™ 

K 


< min{e/ 6 , A("H)/4}, 06 JUH, 


T( 0 'i( a )) < ^ ' r (<M a )) and r C 0 i(«)) < ^ ' r (^i(°))’ a G TAU,t G T(pM m (C)p). 


Therefore, one has that 


r(/i(h)) > -A(h), heTL, r G T(gM m (C)g), 


where q = /i(l). Consider the map 

(</>o ® 0 i) © ( // ffi • • • ffi p) and ( 0 o ffi 0i) ffi (wffi -■- ffi/A, 

K K 

and note that 

tr(0 o (l) ffi 0i(l)) = tr(0 o (l) ffi 0i(l)) < tr(/i(l)). 

It then follows from Lemma [4.61 that there is a unitary u G M m (C) such that for any a G T , 


( 0 o (a) ffi 0 i(a)) ffi (/i(a) ffi ■ • • ffi /i(a)) - w*(( 0 o (a) ffi 0 i(a)) ffi (/x(a) ffi • • • ffi /i(a)))u 


— 

A 


K 


< 


It then follows from (14.391) . (14.401) . (14.41 jl . and (I4.42[) that 

||0(a) — u*if(a)u\\ < £, a G J 7 , 


as desired. □ 

Note that KL (A,Q) = Hom(K 0 (A), K 0 (Q)), a straightforward consequence is 

Corollary 4.8. Let A be an NCCC. Let A : Af q \ {0} —y (0,1) be an order preserving map. Let 
(. J- , e) be given. Then there are finite sets Hi C A + and H -2 C A + and a positive number 6 > 0 
satisfying the following condition: 

If 0,0 : A —)■ Q are unital homomorphisms such that 

(1) [0] 0 = [0] O , 

(2) tr(0(h)) > A (h) and tr(0(h)) > A (h), h G Ti\, and 

(3) |tr(0)(h) - tr(0)(h)| < S, h G TL 2 , 
then there is a unitary u G Q such that 

||0(/) -u*0(/)«|| < e, feT. 
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It is also worth pointing out the following corollary: 

Corollary 4.9. Let A be a subhomogeneous C*-algebra. Let A : A\ q \ {0} —> (0,1) be an order 
preserving map. Let be given. Then there are finite sets Q C A, TL\ C A + , TL 2 C A + and 

V C KfA), and positive numbers 5, a > 0 satisfying the following condition: 

If (j),if : A —>■ M m (C) are unital Q-5-multiplicative maps such that 

(!) [<t>]\v = W\\v, ^ 

(2) tr (4>(h)) > A (h) and tr > A (h), h G TL\, and 

(3) |tr (</>)(/i) — \ < a, he Ti- 2 , 

then there is a unitary u G M m (C) such that 

ll<K/) - u*i/j(f)u\\ < e, feJ T . 

Proof. This follows the fact that any subhomogeneous C*-algebra can be locally approximated 
by NCCCs (Theorem 2.15 of [5]). □ 

5. Tracial factorization and tracial approximation 

Recall that 

Definition 5.1 (p3j, [2j). Let S be a class of unital C*-algebras. A C*-algebra A is said to 
be tracially approximated by the C*-algebras in S , and one writes A G TA5, if the following 
condition holds: For any finite set T C A, any e > 0, and any nonzero a G A + , there is a nonzero 
sub-C*-algebra S'Cd such that S G S, and if p — I 5 , then 

(1) \\pf - fp\\ < £, / G T, 

(2) pfp G e S, f G J r , and _ 

(3) 1 — p is Murray-von Neumann equivalent to a subprojection of aAa. 

One particularly important class S of building blocks is the class of Elliott-Thomsen algebras. 

Definition 5.2. ([ 6 ], |1]) A C*-algebra C is said to be an Elliott-Thomsen algebra if 

C = {(a, /) G E © (F (8) C([0,1])) : /(0) = f?o(a), /(1) = ^(a)} 

for some finite dimensional C*-algebras E, F, where go, g± : E F are unital homomorphisms. 
Denote by the standard quotient map 

Too : A 3 (a, /) 1 —y a G E. 

Let us denote the class of unital Elliott-Thomsen algebras by C, and denote the class of unital 
Elliott-Thomsen algebras with trivial Ki-group by Co- 

Remark 5.3. I 11 fact, by Corollary 29.3 of [9], one has TAC = TAC 0 . 

Remark 5.4. In fact, the class of unital Elliott-Thomsen algebras is exactly the class of NCCCs 
with dimensions of cells at most one; see [5j. 

For TACq algebras, one has the following classification theorem. 
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Theorem 5.5 (Corollary 28.7 of [9]). Let A, B be unital separable amenable simple C*-algebras 
satisfying the UCT. Assume that A, B are Jiang-Su stable, and assume that A<g) Q G TAC 0 and 
B ®Q e TAC 0 - Then A = B if and only */Ell(A) = Ell(5). 

In this section, let us show that for any separable simple unital locally ASH algebra A, one 
has that A <g> Q G TAC 0 - 

Theorem 5.6. Let A be a unital simple separable locally approximately subhomogeneous (ASH) 
C*-algebra satisfying A = A ® Q. Then, for any finite set T C A and any e > 0, there exist an 
Elliott-Thomsen algebra C with K\{C) = {0}, a unital completely positive linear map <3> : A —* C, 
and a unital embedding T : C —> A such that 

(1) $ is T-e-multiplicative, and 

(2) | r(f) - r(T(<L(/)))| < £, f e T, r e T(A). 

Proof. Without loss of generality, one may assume that 1 6 J and each element of F is self- 
adjoint and has norm at most 1 . 

Let A be a unital separable simple locally ASH algebra satisfying A = A <g) Q. By Theorem 
2.15 of [5], the C*-algebra A can be locally approximated by unital NCCCs. Therefore, without 
loss of generality, one may assume that there is a sub-C*-algebra A\ C A such that A\ is a 
NCCC and JC 4 
Put 

G Al = 7 , a 1 (K 0 (A 1 )), G+ = Pt 1 (K 0 (A 1 )) n Aff + (T(A 1 )), u Al = p Al ([l]), 

and £x a set {pi, ...,p n } which generates the group G Al - Note that by Lemma 12 .9[ the positive 
cone G\ is finitely generated. 

For each h e A + , dehne 

A (h) = inf(r(t(h)) : r G T(A)}, 

where t : A\ —> A is the embedding map. Since A is simple, the map A induces a order preserving 
map from to (0,1). Let us still denote this by A. 

Let TLi C (Ai) + , %2 C (Ai) + and So > 0 be the hnite sets and constant of Corollary 14.81 with 
respect to T ■ T, e/4, and A/4. 

Let TL be the subset of Theorem 13.71 with respect to Ai, T U TL\ U TL 2 (in the place of IF), 
min{e/4, <5 0 /4, A(h)/4 : h G TLi} (in the place of e). Put 

cr = i min{A(h) : h G TL}, 

and denote by 4 the constant of Theorem 13.71 with respect to cr. 

Put 

G = Pa(K 0 (A)), G + = pa(K 0 (A)) n Aff + (T(A)), u = p A ([ 1]). 

Then ( G,G + ,u ) is a unperforated order-unit group, and there is a natural pairing between 
(G, G + ,u) and T(A) induced by p A . Still denote this pairing map by p A . Note that one has the 
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following commutative diagram: 

K 0 (A) — K 0 (A) 

PA 1 PA 


Consider ((G, G + , u), T(A), p A )- By Theorem 5.2.2 of [I], there is an inductive system C' = 
lin^(G',??') with C[ G Co and rji injective such that there is an isomorphism 

S : ((G,G*,u),T(A), pa ) ((K„(C'),K 0 (C'),[l]),T(C'),p'o). 

Consider C = C' <g) Q = lin^Gj, rji ), where Ci = C' <S> Q and rji = rj • <8> idg. One has 

((G,G + ,«).T(^),p A )“((K 0 (C),K 0 (C),[l]),T(C),p c ), 

and let us still denote by 5 the isomorphism. In the remaining part of the paper, let us also use 
S to denote its restriction to G or to Aff(T(A)), depending on the context. 

Consider the following diagram: 

S~1 WO y—i 

Cr^i - m If 

Ko(^) — K 0 (G 2 ) -- Kq(C'). 

lm]o [m \o 

Since the positive cone of G Al is finitely generated fLemma l2.9p . the positive map [t ] 0 can be lifted 
to a positive homomorphism G Al —> K 0 (G n ) for sufficiently large n. Without loss of generality, 
one may assume that [t]o has a lifting k : G Al —>■ K 0 (Gi), making the diagram commutative: 


G Al 


Wo 


K 


K 0 (Ci) — K 0 (G 2 ) 

Who 


[m\o 


G 


K 0 (G). 


By Lemma [2. 101 after a telescoping of the inductive system ( Ci , rji ), there is also an approximate 
lifting, making the diagram of affine function spaces, 


Aff(T(A 1 ))---- Aff(T(A))) 

Aff(T(G 1 ))) — Aff (T(G 2 ))) —-- Aff(T(G))), 

im)* ( m) * 


approximately commutative, and such that 

(5.1) |r(A([pi])) - 7 ([pi])(r)| < 5i, r G T(Gi), 1 < i < n, 

7 {h)(r) > -A(/i) > a ’ h eH U "Hi, t G T(Gi), 


(5.2) 
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and 

(5.3) 

Write 

where 


(S o (71,00)* o 7 )(/)(r) - < e /8; reT(A), /eJ. 


Ci = C[ ® Q = {(a, /) G E © (F (g) C([0,1])) : /(0) = p 0 (a), /(l) = f?i(a)}, 


£ = ©Q, c = ©<3. 

*=i i=i 

for natural numbers p, l , and po, £?i '• E F are unital homomorphisms. 
On each interval [0,1J-, choose a partition 


0 — to < t\ < £2 < ■ ■ ■ < tfc-i < tk — 1 


such that 
(5.4) 


7(/)(*«) - 7(/)(*<,) < mm{£/4,V2}, s 6 [tj, *i+i], / 6 .FU Wj, 

where t s = tr o 7r s and tr is the canonical trace of Q. One may assume that k is sufficiently large 
that 

2n/ (k — 1) < e/8. 

For each 0 < i < k, define 

© — [©Jo ° K : Ko(Ai) —> K 0 (Q) © Q, 

and 

7 i = (©J* o 7 : Aff (T(Al)) Aff (T(Q)) = M. 

By (15. 11) . each pair («$, 7 J is ^-compatible on [pj, 1 < i < n. By (15.21) . one has that 

7 i(h)(tr) > a, h G Ti. 

Therefore, by Theorem 13.71 there is a homomorphism fa : A\ —y Q such that 

[ 0 jo © 

and 

(5.5) 7 i(h)(tr) — tr(fa(h)) < min{e/4, <5 0 /4, A(/i)/4 : h E Tii}, h G T U "Hi U "H 2 . 
Together with (15.21) . it then follows that 

(5.6) 

It also follows from (15. 5 j) and (15.4j) that for any h € TO and any 1 < i < k — 2, 

(5.7) |tr(&(/i)) - tr(& + 1 (/i))| < tr(fa(h)) - Ji(h) (tr) + ©(h)(tr) - ©+i(h)(tr) 

+ tr( 0 i+ i(/i)) - 7 i+ 1 (h)(tr) 


tr(&(/i)) > ji(h) (tr) - ^A(/r) > (h), h e U x . 


< <5 0 /4 + <5 0 /2 + <5 0 /4 — <5 0 . 
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Since 77 is homotopic to 7 r i+1 , it is clear that [ftj] = [/c i+ i], 1 < i < k — 2 , and therefore 

(5.8) [0] o = [&+i] 0 , 1 < % < k - 2. 

Denote by Too : C\ —>■ E the standard quotient map, and consider 

«oo = koo]o ° k : K 0 (A) -)• K 0 (^) and 7 ^ = [ 7 r M ] o 7 : Aff(T(Ai)) -4 Aff(T(£)). 
The same argument as above shows that there is a homomorphism 0 ^ : Ai —?• E such that 

(5.9) [0oo]d ^ooi 


and 


(5.10) 


7oo (h)(r) 


t(0oo(^)) 


< min{e/4, 5 0 /4, A(h)/4 : h G "Hi}, 


heHiUHa, tGT(£). 


Dehne 


00 £?o 0 0oo and 0& £?i o 0^ 

and consider the restrictions of these maps to the j-th direct summand; still denote them by 0o 
and 0^ respectively. It then follows from 05. 9 p that 


(5.11) [0o] 0 = [0fe] = [0i]o, 1 < i < k - 1, 

and it follows from (15. lOj) and (j5.2jl that 

(5.12) tr(0 o (/i)),tr(0 fc (/i)) > (h), h G Hi. 

Moreover, with (j5. lOj) and (15.41) . the same argument as that of (I5.7[) shows that 

(5.13) |tr(0 o (h)) - tr(0i(h))| < <5 0 and | tr (0 fc _! (/i)) - tr(0 fe (/i))| < <5 0 , he H 2 . 

Thus, with 05. lip . 05.6p . 05.12p . (I5.7j) and 05.13p . Corollary 14.81 implies that there are unitaries 
ui,u 2 , ...,Uk-i G Q such that 


|| 00/) - < + i0m(/H+i|| < e/4, /G J-J, 0 <i<k 
Define Vo — 1, and 


Vi = UjUj-i • • -ui, i = 1,..., k - 1. 
Then, for any 0 < i < k — 2 and any / G T ■ T ', one has 


2 . 


||Ad(uj) o 0j(/) - Ad(u i+ i) o 0 i+ i(/)|| 

= ||(ui---tti)*0i(/)(tti---tti) - («*+i ■ ■ ■iti)*0 i+ i(/)(u i+ i • • -tti)|| 

= ||0i(/) - <+i0i+i(/K+i|| < e/4. 

Replacing each homomorphism 0* by Ad(uj) o 0j for i = 1,..., k — 1, and still denoting it by 0j, 
one has 

Il0i(/) — 0i +1 (/)|| < e/4, / e T ■ T , 0<f</c — 2. 

Note that the replacement of 0* does not change the induced map on the invariant, and hence 
one still has 

[0fc—l]o = [0fc] 0 , 
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tr(</> o (/i)),tr(0 fc (/i)) > ^A(h), h E Hi, 

and 

|tr(0 fc _i (h)) - tr('0 fe (/i))| < 5 0 , he H 2 - 
Applying Corollary 14.81 again, we obtain a unitary w E Q such that 


w*<f> k -i{f)w -~^*(/)|| < e/4, fET-T. 


Since Q is AF, and any unitary in a finite dimensional C*-algebra can be connected to the 
identity along a path with length at most n (i.e., it has exponential length at most 7r), there are 
unitaries 

1 = W 0 , Wi, ..., W k _ 2, Wjfc-1 = W EQ 


such that 


Wi — Wi_i|| < 2ir/(k — 1) < e/8. 


Hence, 

II w*(j>i{f)wi - w* +1 <f) i+1 (f)w i+1 1| < 3e/8, / E T • .F, 0 <i < k - 2. 

Replace each homomorphism 0* again by Ad('uy) ° 0*, 1 < i < k — 1, and still denote it by 0*. 
One then has 


(5.14) ||0 i (/)-0 i+1 (/)|| <3 £ /8, f ET-T, 0<i<k-l. 

Define the positive linear map 0 : A\ —* C([0, l]y Q) by 

= l' +1 _ l M) + / 0i+i(/), ^ f e Mm]- 

“i+i R R+i R 

By (I5.14F the map $,,■ is ^-^-multiplicative. It also follows from (15. 4ft that if t E [ti,U + 1 ], then, 
for any f E J-, 

(5.15) 


< 


7 (f)(n) - Tt($j(f)) 

7(/)(nJ - r(^(/)) +£/4 (by Q) 


7i(/)(tr) - 


^i+l f 


tr(0*(/)) + 


t - U 


< 


ti+l ti ti -|-i t 

7*(/)(tr) - tr(0j(/)) + 5e/8 (by ([5.140) 


tr(0 i+ i(/))) 


+ e/4 


< e/4 + 5e/8 = 7e/8 (by®). 

Repeat this construction for all j = 1and note that the maps $ 1; $ 2 ,..., $; induce a map 
<3> : Ai —* Ci. Since each <3>j is T-e multiplicative, the map d* is T-e- multiplicative. By (j5.15|) . 
one has 

(5.16) | 7 (/)(r) - r($(/))| < 7e/8, / E T ,tE T(Ci). 

Now, let us construct an embedding : C\ — * A such that 

|r(/)-r(tf(*(/)))|<e, / EH,t E T(A). 
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Since A = A <g> Q, the subgroup H := kerp A C K 0 (7l) is divisible, and therefore the exact 
sequence 

0-- H -- Kq(A) G -- 0 


splits. Pick a decomposition 


K 0 (A) =G@H. 


Since Ko(A) is weakly unperforated, the order on (G © H) is completely determined by that on 
G. 

Define 

k' : G 3 g ha (g, 0 ) e G 0 H = K 0 {A). 

Then k! is a positive homomorphism, and the pair 


(V O (S 1 |k 0 (C)) j S| A ff(T(C))) 


is compatible. It induces a positive homomorphism 


9 : Cu~(C) -A Cu~(A). 

By Theorem 1 of [26], there is a homomorphism 0 : C —> A such that the Cuntz map induced 
by 0 is 6. In particular, one has that 

(5.17) (0)* = S _1 | Aff ( T ( C )). 

Then the map 

'b = 0 o 7)1,00 

satisfies the conclusion of the theorem (together with $). Indeed, since C is simple, the map 0 
is an embedding, and therefore T is an embedding. Moreover, for any / 6 J, one has 


< 


tW)) -t(To $(/))[ 

W*(/)(t)- (*).((*).(/))(t) 

(0*(/)( r ) - W0*((w°° ° 

(0*(/)( r ) - ( 5_1 ° irh,o o)* ° ($)*)(/)( T ) ( b y (]5-i7p) 
(0*(/)( T ) - ( s_1 ° (■ Vi,oo )* ° 7)(/)( r ) + 7e/8 (by (|5.16])) 


< £/8 + 7e/8 = e (by (]5.3j) ). 


as desired. 


□ 


Remark 5.7. With a slight modification (a perturbation of the linear map 7 ), the same argu¬ 
ment as Theorem 15.61 shows that the same statement holds for C*-algebras which are tracially 
approximated by subhomogeneous C*-algebras. 


The passage from Theorem 15.61 to the actual tracial approximation is an application of the 
following very important theorem due to Winter: 
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Theorem 5.8 (Theorem 2.2 of [32]). Let S be a class of separable unital C*-algebras which have 
a finite presentation with weakly stable relations. Suppose further that S is closed under taking 
direct sums and under taking tensor products with finite dimensional C*-algebras, and that S 
contains all finite dimensional C*-algebras. 

Let A be a separable, simple, unital C*-algebra with dim nuc A < oo and T(A) 7 ^ 0, and let 

) ieN 

be a system of maps with the following properties: 

(1) Bi ES, iE N, 

(2) Qi is an embedding for each i E N, 

(3) (T 1 is a completely positive contraction for each ieN, 

(4) a : A -A Bi/ ® ieN Bi induced by a t is a unital homomorphism 

(5) sup{|r(^(Ti(a) — a)| : t E T(A)} —> 0, as i —* 00 for each a E A. 

Then A® Q E TA«S. 

With this and Theorem 15.61 one has 

Theorem 5.9. Let A be a unital simple separable locally ASH C*-algebra. Then A®Q E TACo, 
where C 0 is the class of unital Elliott-Thomsen algebras with trivial Ki-group. hi particular, if 
A = A 0 Z, where Z is the Jiang-Su algebra, then A is classifiable (by means of the naive Elliott 
invariant). (The converse is also true.) 

Proof. By Theorem 3.1 of [5], one has dr(A<g)Q) < 2, and in particular, dim nuc (A®Q) < 2 < +00. 
It then follows from Theorems 15. Gl and 15. 8l that A®Q E TACo- By the classification theorem of |9j 
(based in particular on the deformation technique of [33] and [T7]— see also im the C*-algebra 
A is classifiable. □ 

Corollary 5.10. Let A be a simple separable unital locally ASH (respectively, locally AH) algebra. 
Then A® Z is an ASH (respectively, AH) algebra. 

Proof. By Theorem 15.91 the C*-algebra A® Z is classifiable by means of the Elliott invariant. 
By P and [ 8 ], the Elliott invariant for separable, Jiang-Su stable, simple, unital, finite C*- 
algebras (in particular, locally ASH algebras) is exhausted by ASH algebras (by Theorem 3 of 
[ 8 ], finiteness implies stable finiteness in this setting). Furthermore, by [30], the Elliott invariant 
for separable, Jiang-Su stable, simple, unital, locally AH algebras is exhausted by AH algebras. 
(In both settings, the models have no dimension growth.) □ 

The classification of locally ASH algebras (Theorem 15.9ft in fact allow us to recover the recent 
classification result for the C*-algebra of a minimal homeomorphism—assumed to have mean 
dimension zero but not to be uniquely ergodic (|27], [18|— the uniquely ergodic case was dealt 
with in [3], or in [29] on the ease the space is finite dimensional): 

Corollary 5.11 (Corollary 5.3 of [HE])- Let X be a compact metrizable space, and let a : X X 
be a minimal homeomorphism. Then the C*-algebra (C(X) xi^Z )®Z is classifiable. In particular, 
if ( X,a ) has mean dimension zero, the C*-algebra C(X) x CT Z is classifiable. 
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Proof. By Theorem 4.1 of |5], the C*-algebra (C(X) xi a Z) ® Q is locally ASH. By Theorem 
15.91 the C*-algebra (C(X) xi ff Z) ® Q belongs to the class TAC 0 , and hence the C*-a.lgebra 

(C(X) x a Z) ® Z is classifiable. 

If (X, a) has mean dimension zero, then it follows from |[3] that 

C(X) x a Z = (C(X) x a Z)®Z, 

and so the C*-algebra C(X) x a Z is classifiable. □ 
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